We present some of the recent theoretical studies on the impurity effects in conventional superconductors, such as magnetic and ordinary impurity effects in dirty and weak localization limits, and describe successfully unexplained experimental results. We find that the critical sheet resistance for the suppression of superconductivity in thin films depends on superconductor, and point out that impurity dopings in high T c superconductors cause a metal-insulator transition and thereby suppress T c .
I. INTRODUCTION
Although there have been much studies on the impurity doping effects in high T c superconductors, 1,2 it has not been successful to understand the underlying physics. In particular, the decrease of T c due to impurity scattering is not fast enough to support the anisotropic pairing model, such as d-wave or anisotropic s-wave pairing. In conventional low T c superconductors, it was shown that the Abrikosov and Gor'kov's (AG) Green function theory is in conflict with the Anderson's theory of dirty superconductors. 3−5 The Anderson's theory predicted no substantial decrease of T c with ordinary impurity substitution, while the AG theory leads to a large decrease of T c , which varies linearly with impurity concentration.
For magnetic impurity effects, the T c reduction caused by exchange scattering was found to be suppressed by adding non-magnetic impurities or radiation damage, 6,7 which contradicts to the AG theory. In weak localization limit, ordinary impurities also decrease T c , which is beyond the Anderson's theory. Previously, this feature was attributed to the enhanced Coulomb repulsion due to impurities, 8, 9 however, tunneling experiments did not show any increase of the Coulomb repulsion.
10,11
In this paper, we present some of our recent theoretical work 3,12−15 on the impurity effects in conventional superconductors, which describe successfully unexplained experimental results. We first discuss the magnetic impurity effect and show why ordinary impurities and radiation damage suppress the T c reduction caused by magnetic impurities within the framework of the BCS theory. The ordinary impurity effect is considered both in dirty and weak localization limits. In weak localization limit, where the Anderson's theorem is not valid, T c is suppressed because of the amplitude modulation of the wavefunction caused by impurity scattering. In two-dimensional samples, it is shown that the critical sheet resistance for the suppression of superconductivity depends on superconducting material, in good agreement with experiments. 16, 17 We point out that the impurity doping and ion-beam-induced damage in high T c superconductors give rise to a metal-insulator transition and thereby suppress T c .
II. IMPURITY SCATTERING IN CONVENTIONAL SUPERCONDUCTORS

A. Magnetic impurity scattering
Magnetic impurities suppress strongly the transition temperatures of singlet-pairing superconductors. The magnetic interaction between a conduction electron at r and a magnetic solute at R i is given by
where s = 
where av denotes the average over r, R i and the spin direction S i of the solutes. Here cosθ(r) is the relative singlet amplitude of the basis pair when both the electrons are near r. In the case of magnetic scattering, the singlet amplitude of the Cooper pair is reduced, and consequently T c is decreased.
Notice that only the magnetic impurities within the BCS coherence distance ξ o (for a pure superconductor) from the Cooper pair's center of mass reduce both the singlet amplitude and the pairing interaction. Then, one finds
where
and ℓ s is the mean free path for the exchange scattering only and v F is the Fermi velocity.
Here, we use an iterative method to calculate T c from the BCS gap equation. The change of T c with respect to T co (for a pure metal) can be easily calculated to the first order in impurity concentration, such as
where λ is the electron-phonon coupling constant and τ s is the spin-disorder scattering time. Since ∆T c is inversely proportional to λ, the initial slope (versus 1/τ s ) depends on superconductor, indicating that this slope is not the universal constant, while the universal behavior was proposed by the AG theory. As illustrated in Fig. 1 , the critical temperatures of weakly-coupled superconductors are found to decrease rapidly with increasing of magnetic impurities, as compared to strongly-coupled superconductors.
For the conduction electrons with a mean free path ℓ, which is smaller than ξ o , the effective coherence length is reduced to
Then, the reduction of T c by magnetic impurities is significantly suppressed because the number of magnetic impurities within the distance of ξ ef f is very small. This behavior was first observed by co-doping with non-magnetic impurities that result in the decrease of ℓ.
6
A similar compensation effect was also observed by radiation damage; for pure and Mnimplanted In-films, the change of T c were found to be 2.2 and 0. 
Then, the phonon-mediated matrix elements between the time-reversed pairs are written as
Although the correction term in the right hand side of Eq. (8) is negligibly small in dirty limit, it is important in weak localization limit. Consequently, the Anderson's theorem is valid only in dirty limit, to the first order in impurity concentration.
3
It was shown 13 that the Tsuneto's strong coupling theory 18 fails to explain the existence of the localization correction in the phonon-mediated interaction. Alternatively, from the real space formalism of the strong coupling theory with the time-reversed pairs, Kim 13 obtained a strong coupling gap equation
and ω D is the Debye frequency. Here ω ′ and ǫ n ′ represent the Matsubara frequency and the electron energy, respectively. Using the wavefunction in Eq. (7), one can easily derive the formula of Eq. (8) from Eq. (10). We point out that V nn ′ gives the change of the phonon-mediated interaction due to impurities, and it decays exponentially for the localized states. In the Tsuneto's theory, however, it remains unchanged, even if the wavefunctions are localized.
For the strongly localized states, since both the phonon-mediated interaction and the conductivity decay exponentially, they are expected to have the same correction term in weak localization limit. Kaveh and Mott 19 showed that the wavefunction for the weakly localized states may be written as a mixture of power-law and extended wavefuctions. Employing their wavefunctions and considering only the impurities within the distance of ξ ef f , the following relations for the matrix elements were obtained;
where ℓ and L are the elastic and inelastic mean free paths, respectively, and a is the radius of an one-dimensional wire.
Solving the BCS gap equation with the matrix element of Eq. (12), the change of T c with respect to T co satisfies the relation
for bulk materials and this result is in good agreement with experiments, 20 as shown in Fig.   2 . In homogeneous two-dimensional thin films, an empirical formula was obtained,
where R sq denotes the sheet resistance, and in fact this formula can be derived by putting Eq.
(13) into the BCS gap equation. Previously, the decrease of T c due to disorder was attributed to the enhanced Coulomb repulsion, 8, 9 whereas tunneling measurements do not support this picture. 10, 11 The dirty boson theory 22 predicted the universal critical sheet resistance of R q = h/4e 2 = 6.4kΩ for the suppression of superconductivity in thin films. However, we find that from Eq. (13) the critical sheet resistance is not universal but sample-dependent, which agrees with experiments.
17,23
III. IMPURITY SCATTERING IN HIGH T C SUPERCONDUCTORS
There is currently considerable interest in the symmetry of the superconducting state in high T c superconductors. 24 Impurity doping studies may give a clue of resolving this 
IV. CONCLUSIONS
Within the framework of the BCS theory, we have discussed the magnetic and nonmagnetic impurity effects on conventional superconductors. In particular, we find that the critical sheet resistance for the suppression of superconductivity in thin films is not universal but sample-dependent. For high T c superconductors, it is pointed out that the metal-insulator transition driven by impurity doping is important in understanding both the normal and superconducting states of the cuprates.
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